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Abstract— We consider a class of linear flexible mechanical necessary to pursue the idea of resonance exploitation in
systems arising from the dynamics of animal locomotion. |ocomotion control.
A distinctive property of such systems is that the stiffness Biological control mechanisms for animal locomotion

matrix is asymmetric. Extending the standard notion to this K ¢ ist of | circuit led th
class, we define the natural oscillation as a free response un- aré known (o consist of neuronal circults, cafle €

der the damping compensation to achieve marginal stability. Central pattern generator (CPG) [3]-[5]. A CPG can be
As a benchmark, a link chain system in a fluid environ- modeled as a nonlinear oscillator, and when placed in
ment is considered, and its natural oscillation is shown to g feedback loop, provides a basic control architecture
exhibit travelling waves appropriate for undulatory swim- 4 4chieve coordinated oscillations of engineered systems

ming. Moreover, we propose nonlinear feedback controllers, L
inspired by neuronal dynamics, to achieve entrainment to [6]{8]. Within the CPG framework, feedback control laws

the natural oscillation. to achieve entrainment to a resonance have been studied
Index Terms—  Oscillations, locomotion, robotics, neu- for standard mechanical systems [9]-[14]. In particular,
ronal control, autonomous vehicles references [14], [15] analytically showed how simple
CPGs can be used to provide nonlinear damping and
. INTRODUCTION achieve a stable oscillation near a resonance.

Diverse patterns are observed in rhythmic body move- In this paper, we shall first extend the notion of natural
ments during animal locomotion. Flying eagles and beesscillations to mechanical systems with asymmetric stiff-
have different flapping frequencies, whereas walkingiess matrices, arising from body-environment interastion
adults and children have different strides. It is conjemtur during animal or robotic locomotion. It is shown that
that the energy consumption during locomotion is minithe system becomes marginally stable, thereby defining
mized by exploiting the mechanical resonance between natural oscillation, if the damping effect is adjusted by
the body and the surrounding environment [1], [2]. Thea proper amount, which is analytically characterized in
idea of resonance exploitation will be useful for designingerms of a generalized eigenvalue of the mass-stiffness
efficient robotic locomotors that are robust against anthatrix pair. We shall then define a class of nonlinear
adaptive to environmental changes. However, underlyinigedback controllers whose architecture is inspired by
control mechanisms are largely unknown. CPGs, and formulate a problem of designing a con-

Resonance phenomena in standarightly damped troller to achieve a natural oscillation for the closed-
mechanical systems are well characterized. In particalar,Joop system. The idea of multivariable harmonic balance
natural mode of oscillation is defined to be a free respong®HB) [16], [17] is used to characterize the design
of the modified system obtained by removing all thespecification approximately, and systematic methods are
damping effects to achieve marginal stability for sustdineproposed to find the controller parameters that satisfy the
oscillation. This definition, however, does not directyMHB condition exactly. An underwater link chain system
apply to typical models of body-environment interactionss used to demonstrate that its natural oscillations give
during locomotion. The environmental forces on the bodgxpected undulatory swimming gaits and that the proposed
appear in the equation of motion as terms containingontrollers are able to achieve such locomotion robustly
an asymmetric stiffness matrix, and simple removal ofigainst perturbations in mechanical parameters.
damping effects does not result in marginally stable sys-

S o . Il. NATURAL OSCILLATIONS OF SYSTEMS WITH
tems. Hence, a new definition for natural oscillations is

ASYMMETRIC STIFFNESS MATRIX
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1By standard mechanical systems, we mean those described Wyhere we impose the following:
symmetric positive definite mass, stiffness, and damping matrice



Assumption 1 1 -1 L2 2
@ J KeR*“  andJ=J > 0. B o 1 .
(b) D = uJ for somep € R. a 1 -1 g ’
(c) All the eigenvalues of/~!K are simple and have 1 ' 1

positive real parts.
Note that the stiffness matriX” is not necessarily sym- wheree € R . IS the vector W'th.a" Its entries be|-ng
gne, andv := z, is the head velocity. For the numerical

metric. The equation of motion captures the linearize . .
. . . .~ “examples given later, we use the following parameter
body dynamics of a typical locomotion system that inter-

. . . .~ values unless otherwise noted: The number of links for
acts with the environment continually, such as swimmin

. : . the tail isn = 5, and each link has mass, := m/n and
Ieeghes gnd cra_lwlmg snakes. The stiffness makfiin length2l, = I/n, where the total length is= 0.5 m and
(1) is typically given by

mass ism = 0.2 kg. The environmental force constants
K =K, 4+ vA areu; = 0 andu,, = 0.2 Ns/m, and each joint has stiffness
ko = 2.5x 1072 Nm/rad, where the parameteris used
where K, is a symmetric positive definite matrix rep-to examine the effect of stiffness perturbation.
resenting the body stiffness, and\ is an asymmetric ~ We call the system a fliptail locomotor since it is
matrix representing the skewed stiffness arising from thexpected to maintain velocityby flipping (or undulating)
locomotion at velocityv relative to the environment. In the link chain. In this study, we gain insights into the
this case, the system (1) is stable wheis small. Asv  locomotion mechanism by reversing the cause/effect and
gets larger, some of the characteristic roots move to thesking the following: if the head is forced to move at
right half complex plane and the system becomes unstabke.constant velocityy, would the tail naturally tend to
oscillate? If so, such natural oscillation might suggest a
(%0%) proper way to flip the tail to achieve efficient locomotion.

Example 1 The root locus of the fliptail locomotor with
» =1 is shown in Fig. 2, where the locomotion velocity
v is varied. The characteristic roots are all in the open
left half plane wherv is small, but some of them move
into the right half plane a® gets larger. The roots are
symmetric about the vertical line aty/2 = —2.5 due to
the damping structur® = pJ.
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Fig. 1. Fliptail locomotor

As an example, consider a chain of multiple links ‘\q)/

connected by flexible joints, subject to environmental
forces with directional preference, as shown in Fig. 1. The
link at the right end (head) is constrained to slide along

the z-axis so thaty,(t) = 0. There aren identical links in gy
addition to the head, and each link has mass length / % \‘
6 4

Imaginary
o

21, and moment of inertian,/2/3, and each joint has
torsional stiffness:,. The angle between th&" link and -5— - - . .
the negativer-axis is denoted by,. Let 7; be the torque Real

applied at the" joint. The environmental force on each
link is modeled asf,, = —u,v, and f;, = —uv;, Where
fn andf, are the force components in the direction tangen
and normal to the linky,, andv, are the components, in
the respective directions, of the velocity of the link gtgvi  Let us first recall some basic system concepts.

center, andu,, and ., are proportionality constants [18]. Definition 1 The characteristic equatiorof (1) is
The equation of motion is given by (1) with

Fig. 2. Root locus aw is varied from0 (o) to 0.5 (x).

. Definitions of natural motions/oscillations

MNIJ+AD+K)z=0, 2#0
J=m2(FF"+1/3), D = (jtn/mo)J, ( ) 7
K =vA+k,BB", wu= BT, where\ € C is an eigenvalue (ocharacteristic roof and
A= (pn — pe)loF + pil,diag(Fe), z € C" is the associatedhode shapeSuppose none of



the eigenvalues are repeated. The free response of (1) fee consider, it is not obvious how to characterjz@or
a particular initial condition described b\, z) is given how the system behaves under a choice ef p. The
by a simple exponential function: following section will provide some analytical results tha
. help us understand the natural oscillations for our system.
u(t) =0, (0) = R[], 6(0) = R[A2] = 0(t) = RzeM]. o y

The responsé(t) is called thenatural motionassociated C. Analysis of natural oscillations

with (A, 2). Let us first characterize the set of all natural oscillations
for (1).

Lemma 1. Consider the system in (1) with Assump-
n 1. Letw,p € Randz € C" be given. Then(w, z) is

a natural oscillation of (1) with damping facterif and
only if (w, z, p) € N where

There are2n natural motions for (1), and the free
response to an arbitrary initial condition is given by Ao
linear combination of th&n natural motions. A natural
motion can also be described as

_ At] —ot
0(t) = R[ze ]—Zcos(wt-i—(;ﬁ)e , Nz {(w,2,p) ERXC" xR: w=/R(),
Zel? =2, jw—o0:= A, 3(o)
p=p+ , (s,2) M
R(<) }
and M is the set of generalized eigenvalue/eigenvector
pairs of (J, K):

where¢p € R", w,0 € R, andZ € R"*" is a diagonal

matrix? Thus, the natural motion associated with, z)

is oscillatory if and only if the imaginary part of is

nonzero. In this case, the complex conjugate [airz)

is also a solution to the characteristic equation since the pj.— {(c,2) eCxC": (¢J—K)z=0, z#0 }.

coefficient matrices/, D, andK are all real. It can readily ) N )

be verified that the natural motion associated withz)  Proof. It can readily be verified thak € C is a charac-

coincides with that associated with, z). Hence, if there teristic root of (2) if and only if

are exactlym eigenvalues with nonzero imaginary part, 2 _

then thereyarez _g m distinct natural motions.g 7P A =X+ (= e)d+e=0, ®
In the case of standard mechanical systemsataral holds for some generalized eigenvaluef (J, K). Note

oscillation is defined to be a natural motion of the un-that A = jw with w € R satisfies (3) if and only if

damped system wherB is set to zero. We extend this )

concept for the class of mechanical systems arising from R = S+ (p—€ew=0.

animal locomotion as follows. Therefore, (w, z) is a natural oscillation if and only if

Definition 2 Consider the system described by (1) withw = /R(c) or w = —/R(c) for some(,z) € M,
Assumption 1. Let the damping effect be adjusted by and the associated damping factor is givengby- 1 +
parametek € R and define the modified system with noS(s)/w. Finally, since the natural oscillatiop/%(¢), z)

input: with damping factorp + 3(s)/+/R(s) is identical to
JO+ (1 —€)JO + K6 = 0. (2) the natural oscillatior{—+/3(<), z) with damping factor

$(S)//R(S), one of the choices v = £4/R(s)
dundant in the parametrization of natural oscillagion
and can be neglected. m
Since there aren distinct elements inM, there are
n natural oscillations for the system (1). It should be
noted that the amplitude of each natural oscillatips],
is arbitrary.
Next, we characterize the stability property of (2).
When J and K are symmetric positive definite, this Lemma 2: Consider the system (2), whejge € R
definition reduces to the standard notion of natural osand Assumption 1 (a) and (c) are satisfied. letbe
cillations, where the damping factor is given py:= n  the smallest damping factor to which there corresponds
and the choice := p cancels the damping effect exactly.a natural oscillation:
In this case, the system is marginally stable with all the ) 3(q)
eigenvalues on the imaginary axis. For the class of systems 0= (:Izl)lgm M+ )

2Throughout the paper, we use the notatioe’” := z to defineZ  gnd suppose the minimizer is unique. Then, the system is
to be the diagonal matrix withz;| on theit® diagonal entry to be

the vector withZz; in thet? entry, ande’? to be the vector withe? ®i exponentially .Stable i > e _marginally stable ifo = e,
stacked in a column. and exponentially unstable if < e.

If this system has a nonzero characteristic root on ti{é re
imaginary axisA = +jw with associated mode shape
for a specific value := p, then the corresponding natural
motion of (2) is called anatural oscillation(w, z) of the
original system (1with damping factomp, wherew and z
are referred to as theatural frequencyand mode shape
of the natural oscillation.

(4)



Proof. The system is stable if and only if the polynomialwith >» = 0.5 and > = 5 are shown in Fig. 3. We see that
p(s,A) in (3) is Hurwitz for all (¢,z) € M. For each more travelling waves are exhibited if the tail is softer.
¢, the polynomialp(s, \) is Hurwitz if and only if the
polynomial with real coefficientg(\) := p(s, \)p(<, A)

is Hurwitz. It is straightforward to verify using the Routh

TABLE |
NATURAL OSCILLATION VS v AND 3.

- T h o . v (m/s) | s« || Period (S)| ¢ o) ? o o)
stability criterion thatg()\) is Hurwitz if and only if 03 5 1.97 184110 1230 7630 2040 og
0.5 1 1.75 415° | 290° | 179° | 80° | 0°
RIO]
R(s) >0, - > e 05 |5 150 | 234° | 154° | 98° [ 35° | 0°
R(<)
. . . . TABLE I
This condition holds for al(¢, z) € M ifand only if o > ¢ PERIOD AND PHASE LAG VS AND 3¢
holds since(s) > 0 is implied by Assumption 1(c), u(mis) | > || Period (5)] Phase fag
and(¢,z) e M if (¢,z) € M. This proves the condition 0.1 1 3.36 234°
for exponential stability. The condition for exponential 03 |3 1.94 234°
instability can be obtained by a similar argument using 05 |5 1.50 234
the Routh criterion. Finally, marginal stability conditio TABLE IIi

follows by noting that only one pair of conjugate roots PHASE LAG VS. /5.

are on the imaginary axis whean= ¢ sinceyp is achieved o75mis) T 0.02 T 005 | 01 02 o5

in (4) by a unigue minimizer. L] Phase lag|| 126° | 157° | 234° | 319° | 415°
From Lemmas 1 and 2, we can conclude that the natural

oscillation of (1) with damping factop is stable but all

the other natural oscillations are not. The following résul ol ‘ ‘ ‘ ‘ ]
precisely states this fact. T

Lemma 3: Consider the system (1) with Assumption = ©f :Eg%b_
1. Definep by (4) and suppose the minimizer is unique. 04kt ]
Let (w, 2) be the natural oscillation of (1) with damping e e —— 5
factor p. For givene and initial conditionf(0) and 6(0), ' ' © x[m]
let 6(¢) be the solution of (2). lfe = p, then there exist
v,t, € R, dependent on the initial condition, such that 0.1}
Jim 0(t) — vZ cos(w(t +t,) + )| =0, Zel? := 2. £ o
Moreover, §(t) globally converges to zero i < g, and -0y
diverges to infinity for almost all initial conditions &> o. -0.5 -0.4 -0.3 -0.2 -0.1 0
Proof. From Lemma 2, the system (2) is stable when X [m]

o and is unstable whea> ¢. From Lemmas 1 and 2, the o o _

system (2) is marginally stable with simple eigenvalueE'g- 3. Natural oscillation snapshots with different stifés. Above:
. . . . . »x = 0.5; Below: ¢ = 5.

+jw on the imaginary axis and the rest of eigenvalues

are in the open left half plane when = ¢. The result

directly follows from these facts. [ [1l. ENTRAINMENT TO NATURAL OSCILLATION

Example 2 The profiles of natural oscillations are cal- In this section, we focus on the natural oscillation with
culated for the fliptail locomotor for several cases othe smallest damping facter, and will refer to it simply
locomotion velocityv and joint stiffnessk,, and the result asthenatural oscillation. In view of Lemma 3, we assume
is summarized in Table I. For each case, the phase of thi@oughout this section that the minimizer in (4) is unique.
i*? joint angle ¢; lags behind its anterior neighbas_, _

indicating travelling waves that propagate from head t§" Problem Formulation

tail. We see that the amount of phase lag (or the number We would like to develop a systematic method for
of waves expressed by the fliptail) and the period oflesigning a feedback controller for (1) to achieve the
oscillation depend om and k,. Table Il shows that, ifv  natural oscillation with a prescribed amplitude as a stable
andk, are simultaneously madetimes larger, the period limit cycle of the closed-loop system. Since the plant is
decreases td/+/a of the original, but the phase lag from linear, the controller is necessarily nonlinear to achieve
head to tail §; — ¢5) remains constant. Table Il shows structural stability of the limit cycle. The problem is
that the phase lag increases witfik,; for a fasterv or difficult in general, and hence we will formulate a more
a softerk,, a body snapshot during locomotion exhibitstractable problem whose solutigoractically solvesthe
more travelling waves. When, = 0.15m/s, the snapshots original problem. To this end, let us first fix the structure of

4



the nonlinear controller, and then establish a set of contreystem as in (8). The MHB equation typically has multiple
specifications that approximate the original problem in golutions, and thus predicts multiple oscillations. Buhso
certain sense. of them may be stable, and others may not be. For each
Consider the damping augmentation by feedback: MHB solution, the predicted oscillation is “expected”
. to be stable if the corresponding quasi-linear system is
u=eli+w ) marginally stable [17]. The quasi-linear system is defined
wherew is the new input after the augmentation. The ide&Y replacing the nonlinearities in the closed-loop system
iS to choose < p so that the augmented system is stablavith their describing functions evaluated at the predicted
(Lemma 2), and then apply a sinusoidal inpuat the nat- amplitudes.
ural frequencyw with appropriate amplitudes and phase
to drive the stable system so that the response conver
to the natural oscillation with the prescribed amplitud
in the steady state. The input is to be generated by a
nonlinear feedback controller of the following form:

Natural Entrainment Problem : Consider the system (1)
%ird the controller described by (5) and (6), wheras
egiven and Assumption 1 holds. Léb, z) be the natural
oscillation of (1) with damping factop, where ||z is
fixed as desired. Find the control gaiis H € R"*™ and
w=Gi(q), q=f(s)HO (6) transfer functionf(s) such that the following conditions
are satisfied:

(i) The MHB equation (9) holds fots = w andf = 2.
(ii) The corresponding quasi-linearized system witty)
replaced byX(|f(jw)H z|)q is marginally stable.

We shall refer to(w, z) with these two properties as a
stable solution of (9).

whereG and H aren x n real matricesf(s) is a scalar
transfer function, and) is a static nonlinearity satisfying
the following properties:

« 7 is odd, bounded, and strictly increasing.

« t(z) is strictly concave o > 0, andv’(0) = 1.
For the rest of the papet) is a given function having
these properties. The structure in (6) is motivated b Feedback Control Design
biological control mechanisms. In particular, the simples _ . I .
input-output model of neuronal dynamics is given by We first consider forced oscillations induced by a con-

_ . . troller of the form (5). In particular, the natural osciltat
Upost = Y(f(s)upre) from the presynaptic potential,,. . L
to the postsynaptic potential,.s; where ¢» and f(s) for (P cdabn b: a}chu(ajved tl)y stab|I|_zmg Fgels.ystem Ey the
represent the threshold nonlinearity and dynamics (timre?lte eedback/6 and applying a sinusoidal input. The

lag, adaptation, etc.) associated with synaptic and cerfFSUIt can b.e sumr_r(;aand :‘S ;%”OV;’(S' - ¢
membrane processes, respectively. The controller in (6) is Lemma 4: Consider the feedback system consisting o

a network of multiple neurons with the interconnectiondn€ Plant (1) and controller (5), where Assumption 1 holds.
specified byG and H. Define ¢ by (4) and let(w, z, o) € N. Suppose

Let us now consider the closed-loop system formed bYu(t) = (e — o)wJ Zsin(wt + ¢)

the plant (1) and the controller (5) and (6):
B B Then, with an arbitrary initial condition, the trajectatyt)
Pe(s)0 = Gylq), g = f(s)HO of the feedback system converges to the natural oscillation
P(s) ==s(s+p—e€J +K, (7)  (w,2) in the steady state.
where s is the Laplace (or time derivative) operator,”T00f- The feedback system is described/ags)f = w.

Suppose the system has a periodic solution that can ¥ghen the inputw is a sinusoid with frequencys, the
approximated by sinusoids: output 6 is also sinusoidal in the steady state and their

, - phasors satisfy
q(t) = Rlge’™"],  0(t) = R[O’="], ®)

e<o, Z&?%.=z.

j P(jm)f =, w(t) = Rlee/™], 6(t) = R[Ge™").
whereg, 0 € C" are the phasors af andd, respectively.
We approximate the static nonlinearity by Hence, the natural oscillatiofw, =) is achieved if the

A ) input w is chosen such that
Pla) = X(|a)g,  K(z) := diag(r(z1), ..., K(2n))

wherek is the describing function af. The multivariable
harmonic balance condition is then given by where we noted thaP, (jw)z = 0. -

N4 AN A A . 5 Next, we shall address the Natural Entrainment Prob-
P. 0 =GX , = Hb. 9 T .
(=) (aha. f(Ajw) ©) lem, considering the feedback controller described by (5)
Solving the MHB condition for(eww, 6, ¢), we have an and (6). The natural oscillatiofw, z, 9) € N is expected
estimate for an oscillatory trajectory of the closed-loogo occur for the closed-loop system if the MHB equation

W= P.(jw)z = jw(o —€)Jz, (20)



(9) admits a solutior(w,é,cj) with @ = w and§ = z. Using (11), equation (12) can then be factored as

Hence, we should choose the controller so that . .
pP(A) = (A= jw) A+ p — e+ jw —ku,g(N) =0

jwlo —€)Jz=GX(|g))q, = f(jw)Hz, () = fON) = fljw) 13)
where we used (10). There are many choices for the dy- ' A—jw 7
namicsf(s) and gainsi’ and H to satisfy this condition. from which we conclude thai(jw) = 0.

For instance, the choicél = Z~' with Zel? = 2 We now choose the controller dynamig¢ss) so that
would make the amplitudes af; uniform and simplify condition (11) is satisfied and the associated quasi-linear
the equation to system is marginally stable. In view of Lemma 4, it
Mod —GZ 12 =0 appears reasonable to choedess tharp due to stability
¢ . ’ consideration. In this case, condition (11) requires that
G=f(jw)e’?, N, = M the phase angle of (jw) be 90°. The simplest choices
FGw)s(lf(w)l) for f(s) to satisfy the phase property afs) = ns
Now, the condition is satisfied if and f(s) = —n/s for some positive constanj. These
A =1 G=JZ choices are consistent with the previous result [14] that
’ a CPG acts like a positive derivative feedback or a
Summarizing the result, we have the following. negative integral feedback when achieving entrainment

~Lemma 5: Consider the system (1) with Assump-to a resonance of a standard mechanical system. Below,
tion 1. Let (w,z) be the natural oscillation with damping we will forma”y show that these choices (ﬁ(S) can

factor o given by (4). Consider the controller indeed achieve entrainment to the natural oscillation of

w=eJb+ JZd(q), q= f(s)Z70 a mechanical syste_m with an gsymmetric stiﬁnesg matrix.
Theorem 1 (Positive derivative feedback):Consider
for given real numbee, transfer functionf(s), and static the system (1) with Assumption 1. Létv,z) be the
nonlinearity), where Zel := z. Suppose natural oscillation with damping factas given by (4).
jw(o—€) = ko f(jw), ke = r(lf(w)]) (11) Let e € R be such that
wherex is the describing function ofy. Then the MHB 0<w(o—€) <1
equation (9) has a solution Then there exists a positivec R such that

== A: A: ) j¢
w=w, 0=z ¢=[f(jw)e?. 0— € = r(nw)m,

kl/vherem is the describing function af. For the controller

w=eJ0+JZY(q), q=nZ"'0

Moreover, the associated quasi-linear system is marginal
stable if and only if the set ok € C satisfying

PA) =X+ (p— A+ -k f(N) =0, (12

for some generalized eigenvalyef (J, K), is contained
in the closed left half complex plane with no repetition
on the imaginary axis. w=w, 0=z §=jwne®.

Proof. Satisfaction of the MHB equation follows from the _ .
preceding development, or from a direct calculation. Th roof. The result basically follows from Lemma 5 with

last statement can be verified by noting that the quasit® choicef(s) = ns. Condition (11) is equivalent to
linear system is given by 0— € = k(nw)n, which is satisfied for some if and only

if 0 <w(o—¢€) <1 holds because(z)xz monotonically

Pc(5)0 = K, f(s)J0, increases from zero to one asc R goes from zero to
infinity. Finally, the characteristic equation (12) in this
case is given by

where Ze?? := 2z, the corresponding MHB equation (9)
has a stable solution

or equivalently,
[(s* + (1t — €)s — K f(s))J + K]0 =0,

from which we obtain the characteristic equation (14y. ) . )
If (c,z) € M, i.e. < is the generalized eigenvalue ofand, from Lemma 2, the marginal stability holds if and

M+ (p—e—rMwNA+s=0

(J,K) corresponding to the natural oscillation, then th&@nlY if € + x(nw)n = o. ' n

characteristic equation (12) has a root= jw. To see The overall effect of the contral is roughly equal to
this, first note from(w, z, o) € N that the linear controlp.J0 that achieves the natural oscilla-

) _ _ tion. This is justified under the approximations @éfby
Nt p—0rA+s=A—ju)A+p—o+jw), sinusoids and) by its describing function. However, the
s =w?+ jw(o— ). nonlinearityt is expected to make the natural oscillation



structurally stable. Note that(z)z is a monotonically Moreover, if

increasing function ofr, approaching from zero to one w? = min R(c), (16)
whenz goes from zero to infinity. I = o, thenn = 0 ()M

and convergence to the natural oscillation would be slothen it is a stable solution.

becausegy is small and the effect of the nonlinearityis  Proof. The result follows from Lemma 5 with the choice
small, making the closed-loop system behave like lineaf(s) = —n/s. Condition (11) is equivalent to*(o—¢) =
systems lacking structural stability of periodic orbitk. | x(n/w)n, which is satisfied for some if and only if

€ 2 p— 1/w, thenn is very large and the convergence0 < w(o —¢€) < 1 holds, as pointed out in the proof
would be fast, exploiting the amplitude-dependent dampf Theorem 1. We prove that the quasi-linear system is
ing effect achieved byp. marginally stable by showing the following: (i) When

Example 3 Consider the fliptail locomotor with the posi- s the generah;ed _elgepvalue of, K) correspondlng o
the natural oscillation, i.e(s,z) € M, the characteristic

tive derivative feedback. The resulting oscillation pesil roots of (12) are in the closed left half plane with a single

of the closed-loop system are calculated from simulations ~ ™. . . . . . .

; . O . foot jw on the imaginary axis, and (ii) otherwise, i.e.,
and are listed in Table IV, which is to be compared Wlth( ) € M for y # =, the characteristic polynomial is
the natural oscillations shown in Table I. The first row':’? y7 s poly

: . : Hurwitz.
;hows the result for the choicé = dla_lg(\z|) as described ase(c. z) € M: From (15) and (13), the characteristic
in Theorem 1. We see that entrainment to the natura : o
o : : equation (12) is given by
oscillation is achieved approximately. In the second row,
we modified the controller by using = I. The oscillation (A =jJw)h(N)/A =0,
profile is slightly perturbed, but is still reasonably close h(\) :== A2+ (u — e+ jw)\ + jw(o — €).

to the natural oscillation. In the third and fourth rows theI . .
; . ’ f all the generalized eigenvalues @f, ') were real, then
same controller is used but the plant is perturbed. Tr} 9 g of, K)

. o e minimizer of (4) would not be unique, and hence there
resulting oscillations are remarkably close to the natura (4) q

A . . Inust be at least a pair of generalized eigenvalues with
oscillations even under the perturbed conditions for whlcw : . P g genva
nonzero imaginary parts that are complex conjugates to

the controller is not designed. This example illustrate thaeach other. This implies from (4) that< . From Lemma
(i) the controller has an inherent robustness to maintaig in the A;.)pendixf[z)(A) is Hurwitz if anlé. only if

the natural oscillation even if its profile changes due to
system perturbations, and (i) the control design does not A; :=pu—e >0, Ay:=w?*(0—¢€)(p—0) > 0.
require the precise values of the parameters{, i, and

11;) that determine the mode shape These conditions are satisfied due to (14). Thus, the

characteristic roots ark = jw and the roots ofi(\) = 0,

TABLE IV the latter of which have negative real parts.
OSCILLATION PROFILES WITH POSITIVE DERIVATIVE FEEDBACK Case(g,y) c M for y # 2 The characteristic equation
Z | v | x| Period] ¢1 | f2 | o3 | ¢4 | ¢5 (12) can be equivalently written as
[z] [ 03[ 5 || 1.97 | 183° | 120° | 76° | 20° | 0°
I |03 |5 || 1.91 | 215° | 140° | 90° | 26° | 0° A3 A2 (gt i\ ke =0
I [ 05 | 1 || 1.73 | 425° | 298° | 185° | 82° | 0° + Me. (@ 0)A+ sy ’
I |05 ]| 5 1.48 | 252° | 174° | 1080 | 41° | 0° e :=p—¢€ a+jbi=g, ky;=r(n/wn, (A7)

where (¢,z) € M. By Lemma 6, this polynomial is

Theorem 2 (Negative integral feedback):Consider ~ Hurwitz if and only if

the system (1) with Assumption 1. L€tv,z) be the A, :=p. >0, Ay:=ap?—b*— Koppte > 0,
natural oscillation with damping factas given by (4).  Aj := k,(au. + valb| — k) (ape — /alb| — ky) > 0.

Lete € R be such that By the definition ofp in (4) and using (14) and (15), we

0<w(o—e) <1 (14)  have
Then there exists a positivge R such that pie — [bl/va > 0 — € = ky/w? > 0. (18)
w?(o—€) = K(n/w)n, (15) Then, clearlyA; > 0 holds, and it can also be verified

wherek is the describing function ap. For the controller that

w=eJb+IZ0(q), q=-nZ"6 A > (pe — [bl/Va)((a — w)pe + Valp|) > 0
where Zei¢ := z, the corresponding MHB equation (9) Where we noted: > w? due to (16). FinallyAz > 0 can
has a solution be seen from

w=w, 0=z §=jn/w)e?. apie £ /alb| > w?(ue — bl/va) > &y



where the last inequality follows from (18). ™ . @ 0

The condition in (16) means that the generalized eigen- [ ° B as o by
values of (J, K), that minimizes3(s)/y/R(s) asin (4) *°7 R > b= '
and characterizes the natural oscillation with the smialles : :
damping factor, is the one having the smallest real part. L2k a2k-1 bak—2
Let such¢ be denoted byz, + jy,. Then unigqueness 0 e (k—1 b 1)k
of the minimizer of (4) implies thay, < 0. Moreover, R= [ I ] eRVETY, U= [ 0]e RETDXE,

condition (16) is satisfied if and only if all the generalizedrop Al the roots oh(\)

eigenvaluesz + jy, other thanz, + jy,, are in the
region with parabolic and straight boundaries, specified

by ly/vo| < \/x/x0 andz > x,.

Example 4 We repeat the same design and analysis as
in Example 3 for the negative integral feedback, and list

the results in Table V. This case shares the same robust
entrainment property as before. (1]

TABLE V 2]
OSCILLATION PROFILES WITH NEGATIVE INTEGRAL FEEDBACK
7 v | s || Period| o1 2 ®3 P4 | @5 [3]
[z2[ |03 | 5| 1.07 | 183° | 121° | 76° | 19° | 0°
T |03 | 5| 1.01 | 218° | 151° | 100° | 37° | 0° [4]
| 0.5 1 1.72 427° 299° 185° 83° 0°
| 0.5 5 1.52 234° 155° 98° 35° 0°

(5]

IV. CONCLUSION [6]

We have considered a class of mechanical systems
characterized by asymmetric stiffness matrices, arising’l
from typical dynamics of animal locomotion. The natural
oscillation is defined for such systems as a free responsg;
of damping-compensated systems, and is shown to cap-
ture rhythmic movements of flipping tails for swimming. 9]
Systematic methods are proposed for designing nonlineg)
feedback controllers to achieve entrainment to the natural
oscillation. The control architectures are inspired by bilt1]
ological mechanisms of positive derivative feedback and
negative integral feedback. [12]
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APPENDIX (15]

Lemma 6 ( [19]): Consider the complex polynomial

PO =N+ e XN f A e, o= ag b, L0
wherei =1,...,n. Seta; = b; = 0 for i > n and define (17]
i) T4 6 T2k

[18]
X1 xrs3 Ts
o [19]
M(z) = 0 x2 x4 Tres |
Tk+42
0 -+ 0 Zk-1 Tkt

have negative real parts if and only

if the following hold fork = 2,3, ..., n:

Ay :=a1 >0,
L M(ak) —M(bk)R
Ak = det [ UM(bk) M(Clkfl) > 0.
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